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HOLOMORPHIC IMMERSIONS OF A COMPACT KAHLER
MANIFOLD INTO COMPLEX TORI

YOZO MATSUSHIMA

In this paper we shall study the holomorphic immersion of a compact con-
nected K#hler manifold M into a complex torus. It is easily seen that M ad-
mits a holomorphic immersion into a cmoplex torus if and only if the holomor-
phic cotangent bundle T%(M) is ample (see § 1), and it has been proved in a
joint paper [6] by the author with W. Stoll that if 7%(M) is ample and one of
the Chern numbers of M is nonzero, then M is algebraic.

This paper is devoted mainly to the study of a compact connected n-dimen-
sional K&hler manifold M admitting a holomorphic immersion @ into an
(n 4+ 1)-dimensional complex torus B. The image X = @(M) defines a posi-
tive irreducible divisor D(X) and a holomorphic line bundle which we shall
denote by {X}. The Chem class c({X}) of {X} is represented by a unique (1,1)-
form of the type i3 k. ;6% A T4, where {%, - - -, """} is a basis of the space
of holomorphic 1-forms on B, and H, = (h;;) is a constant Hermitian matrix.
It is known from the theory of theta functions that the Hermitian matrix H, is
positive (Weil [9]). Our main purpose is to describe the properties of M in
term of the Hermitian form H,, and our main results are as follows.

First we show that we can reduce the case, where H, is degenerate, to the
case where H, is positive definite. Namely let Aut, (M) be the identity com-
ponent of the group of holomorphic transformations of M. It is well-known
that the group Aut, (M) is a complex Lie group, and in our special case we
prove that Aut, (M) is a complex torus acting freely on M and the complex
dimension of Aut, (M) is equal to the nullity of the Hermitian form H,. Then
M is a holomorphic principal bundle over the quotient N = M /Aut, (M) with
structure group Aut, (M). The quotient manifold N is algebraic and admits a
holomorphic immersion ¥ into a complex torus whose complex dimension is
dim N + 1, and the Hermitian matrix H, associated with the immersion ¥
is positive definite. We shall show that the following conditions are equivalent:
1) H, is positive definite, 2) dim Aut, (M) = 0, 3) the Euler number E(M)
of M is nonzero.

We then prove that a compact connected n-dimensional Kdhler manifold M
with E(M) % 0 admits a holomorphic immersion into an (n 4+ 1)-dimen-
sional complex torus if and only if the holomorphic cotangent bundle of M
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is ample and M has precisely » + 1 linearly independent holomorphic 1-forms.
Furthermore, the Albanese variety 4 of M is (n + 1)-dimensional, the canon-
ical map J: M — A is an immersion, and any holomorphic immersion @ of
M into an (n 4 1)-dimensional complex torus B is obtained from the canonical
map J composing with a homomorphism of 4 onto B and a translation of B.

It is shown that every divisor in M is a divisor of a “theta function” on the
universal covering manifold of M, and we shall obtain expressions of the Euler
number, the arithmetic genus and the plurigenera of M in terms of the ele-
mentary divisors of the imaginary part of the Hermitian matrix H; associated
with the canonical map J: M — A and the “degree” of J.

The author wishes to thank Professors T. Nagano and B. Smyth who showed
the author their recent results on the minimal immersions of a compact mani-
fold into real tori. The presentation of § 1 of this paper is greatly influenced
by a conversation with them.

1. Let B = C™/4 be a complex torus of dimension m, where 4 is a lattice
in C™. We shall denote by x the canonical projection of C™ onto B. Let
{w', - .-, w™} be the standard coordinates in C™. Then 1-forms dw* are in-
variant by translations and hence projectable onto B. There exist therefore m
linearly independent holomorphic 1-forms £, - - -, {™ on B such that

n*ck=dwk (k=17"'7m)7

and these 1-forms are invariant by translations in B and form a basis of all
holomorphic 1-forms in B. We shall denote by T, the translation of B by an
element b € B. We identify the holomorphic tangent vector space T,(B) of B
at each point y € B with C™ by the identification map T,(B) — C™ which as-
signs to each vector u ¢ T,(B) the m-dimensional vector ({'(w), - - -, {™()) ¢
Cc™.

Let M be an n-dimensional complex manifold, and

d:M—B
be a holomorphic map from M into B, and let
1.1 ot = Q¥LF k=1.--,m).

Then o', - - -, o™ are holomorphic 1-forms on M and the differential @, (x):
T.M) — T,,,(B) = C™ is given by

1.2) 2. 0w = (@@, - -+, 0™W) , ueT, M) .

Let x, be the reference point of M chosen once for all. Then

(1.3) D) = Ta,(zo)<7r<£o @, - j wm)) ,
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z

where f " means the integral of »* along a path y from x, to x, and it can
Za z ;
be shown that ﬂ(j o - - -,Jr aﬂ") does not depend on the choice of 7.

Let @, and @, be two homotopic holomorphic maps from M to B, and
assume that M is compact. Since @, and @, are homotopic, closed holomorphic
forms @¥¢* and @F(* have the same periods and are therefore cohomologous.
Thus @F¢* — @F(* = df and df = d'f,d”f = O, so that f is holomorphic and
hence a constant, and we get @F¢* = @k, It follows then from (1.3) that

O, (x) = Ty(D,(x)) , b = D)(x)-Dy(x)t .

From now on we always assume that M is compact and connected, and let
Aut (M) be the group of all holomorphic transformations of M. It is well-
known that Aut (M) has a structure of complex Lie group such that Aut (M) x
M — M defined by (g,x) — g-x is a holomorphic map. We shall denote by
Aut, (M) the identity component of Aut (M). If g € Aut, (M), then g is homo-
topic to the identity map of M, and hence ¢ and @ - g are homotopic for any
holomorphic map @ from M to B. Therefore

O(gx) = Ty (D)) ,
where
@'(g) = D(gxy) o D(xp) ™ .

It is easily seen that ¢ is a homomorphism of the complex Lie group Aut,
(M) into the complex torus B. The Lie algebra & of all holomorphic vector
fields on M is identified with the Lie algebra of Aut, (M). The Lie algebra of B
is also identified with the Lie algebra of all translation invariant vector fields X
of type (1,0) which is identified with C™ by the map X — ({/(X), - - -, {™(X)).
Then the homomorphism of Lie algebra ¢/, : & — C™ induced by &' : Aut,
(M) — B is given by

1.4 28 = (@8, - -+, 0™(&) »

where £ ¢ & is a holomorphic vector field on M.

Let M be a compact connected Kihler manifold, {#', - - -, 87} (g = A""(M))
a basis of the vector space of all holomorphic 1-forms on M, and H,(M, Z)
the 1-dimensional integral cohomology group of M. Then the image 4, of the

homomorphism y — U g, - -,j 0‘1) of H,(M,Z) into C? is a lattice of C9,
and the complex torus ' '
A=Cv4,

is called the Albanese variety of M. The map J: M — A defined by
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wo={f )

is holomorphic, and J*(¢*) = ¢ (k =1, - - -, g¢). We call J the canonical map
of M into A4.

If @: — B is a holomorphic map of M into a complex torus B, then there
exists a homomorphism f: 4 — B such that

D = Typpofol.

Assume now that M is compact and connected, and let us denote by b the
complex vector space of all holomorphic 1-forms on M. We may of course
identify § with the vector space I (T*(M)) of holomorphic sections of the
holomorphic cotangent bundle T*(M). Let e, (x ¢ M) be the linear map §j —
T*(M) defined by 0 — w(x) for v € §. We say that T*(M) is ample if e is sur-
jective for all x e M.

Assume now that there exists a holomorphic map @ of M into a complex
torus B, and let V' be the subspace of §j spanned by ', - - -, @™, where o* are
defined by (1.1). By (1.2) the differential @,(x) of @, at x is injective if and
only if e,V = T#(M). Therefore, if @ is an immersion, then e,V = T*(M)
for every x. This shows that if M admits a holomorphic immersion into a com-
plex torus, then T#(M) is ample. Conversely, if 7%(M) is ample and M is
Kéhlerian, then the canonical map J is a holomorphic immersion of M into
the Albanese variety A.

Lemma 1. Let M be a compact connected n-dimensional complex mani-
fold. Assume that M admits a holomorphic immersion @ into a complex torus
B. Then the group Aut, (M) is a complex torus and acts freely on M. More-
over, the kernel of the homomorphism & : Aut, (M) — B s finite.

Proof. The homomorphism @ : & — C™ is injective. In fact, if £ ¢ & and

(& =0, then w*(&) =0 (k = 1, ---, m) by (1.4), so that £ = 0 because @
is an immersion. Let £ € &, & 3= 0, and @ (&) = a, and let 4, be the 1-para-
meter group of holomorphic transformations of M generated by £. Then @(4,)
= T., for all e R, and the l-parameter group of translations T_,,, leaves
the image @(M) invariant. Let g, = &8 + ... + {™{™ be the flat K&hler
metric in the torus B, and g = @*g, the pullback of g, by @. Then g is a Kéhler
metric of M. We show that 4, is an isometry for all 7 ¢ R. Let y, be an arbit-
rary point of M, and U a neighborhood of y, such that & maps U biholomor-
phically onto a submanifold &(U) of B. Then a = @.(&) is tangent to ¢(U).
Moreover, T, is an isometry of B (with respect to g,) for each ¢, and leaves
@(U) invariant provided [¢| is sufficiently small. It follows that a is an infinite-
simal isometry (Killing vector field) of @(U), and therefore that the restriction
of & to U is also an infinitesimal isometry in U with respect to g. Thus £ is an
infinitesimal isometry of the Kihler manifold M, and 4, is an isometry of M
for each z Since it is known that every infinitesimal isometry of a compact
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Kihler manifold is a holomorphic vector field (cf. [2]), the group Aut, (M)
coincides with the identity component of the group of all isometries of M and
is therefore compact. Since the kernel of @, : & — C™ is trivial and Aut, (M)
is compact, the kernel of the homomorphism @ : Aut, (M) — B is finite. Now
let g € Aut, (M) and gy, = y, for some y, € M. Then &(v,) = & (g)d(y,) and
@'(g) = e, the identity element of B. Hence @(gx) = @(x) for any x ¢ M, and
D (x) 0 g, (x)) = D.(x,), where g,.(x,) denotes the differential of g at x,. Since
9, (x,) is injective, g.(x,) should be the identity map. On the other hand, g is
an isometry of M and maps a geodesic ¢ starting at x, with direction u to a
geodesic g-¢ starting at gx, with direction g, (x,)u. Since g(x,) = x, and g, (x,)u
= u for any u, g leaves invariant any such geodesic pointwise. It follows then
that g is the identity map in a neighborhood of x,. Since this holds for any
fixed point x, of g, we can conclude that g is the identity map, so that Aut,
(M) acts freely on M. Since Aut, (M) is complex and compact, it is a complex
torus.

Lemma 2. Under the assumption in Lemma 1, let I' be the closed sub-
group of B consisting of all b € B such that T,X = X, where X = O(M) is the
image of M. Then the identity component I, of I' coincides with the image
C = &' (Aut, (M)) of Aut, (M).

Proof. Clearly I is a closed subgroup of B and hence a closed Lie sub-
group of B. Let b, a 1-parameter subgroup of I'. Then there exists a vector
a € C™ such that b, = =(ta). Let y, e M, and let U be a neighborhood of y,
such that @ maps U biholomorphically onto a submanifold &(U) of B. As in
the proof of Lemma 1, we see that a is tangent to @(U) and is an infinitesimal
isometry of @(U) with respect the Kahler metric of @(U) induced by the flat
Kihler metric g, of B. Thus the vector field &; on U corresponding to the re-
striction of a to @(U) is an infinitesimal isometry of M defined on U. Now let
ay = &%a) and 6, = Y7 .a,£*. Then §, is a (0,1)-form on B such that §,(7)
= gq(a, D) for any v ¢ C™, so that §*4, is a (0,1)-form on M and there exists
a unique vector field £ of type (1,0) such that g(¢&,7) = (9*6,)(F) for any
vector field 5 of type (1,0) on M. We show that £ = &, on U. Let xe U.
Then @,(x)&y = a and g(€&y(x), 7(x)) = g(a, D, (N)F(x) = 0,(D()7(x)) =
(@*6,)(7(x)). Therefore &£(x) = &,(x) and & = &, on U, which implies that
& is an infinitesimal isometry on U. Since U is a neighborhood of an arbitrarily
chosen point ¥, ¢ M, & is an infinitesimal isometry on M and hence holomor-
phic. Moreover, @,.(x)é(x) = a at each point as the above proof shows. Then
@' (&) = a, from which it follows that the one-parameter subgroup b, = =(ta)
is contained in C = & (Aut, (M)) so that L, < C. Since clearly C < [,
I'y=¢C. qed.

Since Aut, (M) acts freely on M, the quotient N = M/Aut, (M) is also a
compact connected complex manifold. The image C = & (Aut, (M)) in B is a
compact subgroup of B and moreover, since ¢ is a complex Lie group homo-
morphism, C is a complex subgroup and hence C is a complex subtorus of B.
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The map @ induces a holomorphic map ¥ of N into B = B/C such that the
diagram

[

M > B
|

(1.5) e (o
v v

N —F

is commutative, where p and o’ denote the canonical projection of M and B
onto N and B’ respectively.

It is easily seen that ¥ is a holomorphic immersion of N into B’. We show
that the group Aut, (N) consists of only the identity element. To see this let
I"; be the identity component of the group of all »’ ¢ B’ such that T,.X' = X',
where X’ = F(N). Let ¥ (2) be a path in I} such that »'(0) = ¢, ¢ being the
identity element of B’, and let b(Z) be a path in B such that & (b()) = V(9
and h(0) = e. Let x be an arbitrary point of M, and let x’ = p(x). Then
T, ,¥'(xX) € X', and hence there exists an element ’ ¢ N such that T, ¥ (x")
= ¥(y’), where the parameter ¢ is fixed. Let y be an element of M such that
p(x) = ¥. Then T,. 4, ¥ (p(x)) = ¥(o(»)), and from the commutativity of the
diagram (1.5) we get ¢ (@) = p'(T,,P(x)). Thus there exists an element
¢ € C such that @(y) = T(T5,,@(x)) = T.p,,@(x). This shows that T, X =
X, where X = @(M), which implies that T, ,,X = T,-,X = X, so that b() €
I’ in the notation of Lemma 2 for each ¢ and hence that b(z) e I', = C. Then
O (b(®) = ¢, and b'(1) = ¢ for all ¢, which proves that I"; reduces to the
identity element. Thus by Lemma 2 (applied for N and ¥) we see that Aut,
(N) is trivial, and hence the following proposition.

Proposition 1. Let M be a compact connected complex manifold, and as-
sume that M admits a holomorphic immersion @ into a complex torus B. Let
Aut, (M) be the identity component of the complex Lie group of all holomor-
phic transformations of M. Then Aut, (M) is a complex torus acting freely on
M. Let N = M/Aut, (M) be the quotient of M by the free action of Aut,
(M). Then N is a compact connected complex manifold, N admits also a holo-
morphic immersion in a complex torus, Aut, (N) is trivial, and the manifold
M is a holomorphic principal fibre bundle over N of the structure group Aut,
M).

2. In the following sections we always denote by M a compact connected
complex n-dimensional manifold, and assume that M admits a holomorphic
immersion @ into an (n + 1)-dimensional complex torus B.

Let X = @(M). Then X defines a positive irreducible divisor D(X) of B.
More precisely there are an open covering {U,}.., of B and holomorphic func-
tions {f,}.c4> €ach f, being defined on U, such that f /f, is holomorphic and
nonvanishing on the intersection U, N U, and X N U, is defined by the equa-
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tion f, = 0 for each «. We can define {f,} in the following way. Let p e B. If
p ¢ X, then choose a neighborhood U(p) of p such that U(p) N X = @, and
define f» = 1. If p € X, each preimage of p in M has a neighborhood which
is mapped biholomorphically onto an n-dimensional submanifold of B passing
through p, and we obtain a finite number of distinct #-dimensional submani-
folds X,, - .-, X, each of which passes through p and is defined in a neigh-
borhood U(p) of p by an equation f; = 0 such that (df;)(p) = O, where f; is
holomorphic in U(p). Then define f#* = f,, - - -, f,. The simple point of X is
the point p € X for which £ = 1. It is not difficult to check that the open cover-
ing {U(p)},c» and the holomorphic functions {f'®},.p verify the properties
mentioned above, the set of simple points of X is a connected #-dimentional
submanifold of B, and, for a simple point p, X is defined in a neighborhood of
p by a single equation f = 0 such that (df)(p) # 0. This means that the posi-
tive divisor D(X) is irreducible (cf. Weil {9, Appendix]). In the above notation
put g, = f./f;. Then g.-8,, = g.,on U, N U, N U,, and {g,,} is a system of
transition functions of a holomorphic line bundle which we shall denote by {X}.

We recall here several facts about complex tori and theta functions (cf. Weil
[9]). We shall write our complex torus B in the form B = C™/4 with m =
n + 1 and 4 a lattice of C™, and regard C™ as R*™ with complex structure J.
Let H = (#;;) be an m X m Hermitian matrix, and H(u, v) = X A, 47’ the
corresponding Hermitian form. The imaginary part A(u,v) of H(u,v) is a
skew symmetric bilinear form defined on R*™ X R*™ such that A(Ju,Jv) =
A(n,v). We say that A4 is intgral if A takes integral values on 4 X 4. If A4 is
integral, there exists a basis {u;, 1, - - -, u,,, u;,} of 4 such that

A(x,y) = 3 e(eys — X4y9)
k=1

where x = X} x*u, + Y xX'*ul, y = > y*u, + Y, ¥'*u,, and the nonnegative
integers e, satisfy e,le,|- - -|e, (it is possible that e,,, = --- = ¢, = 0 for
some 1 < p < m). Wecal e, ---,e, the elementary divisors of 4 or of H.
They are determined uniquely by 4 and hence by H.

A holomorphic function § on C,, is called a theta function of type (H, ¥) if

2.1) 0z + 0) = j(z,0)0(2)

for all ze C™ and ¢ € 4, where the automorphic factor j(z, ¢) is of the form

2.2) iZ,0) = zzf(a>e[2i Hz,0) + 41 H(a,a>] ,

i

where e = exp 2zi, H(u, v) is a Hermitian form on C™ X C™ whose imaginary
part A(u, ) is integral, and ¥ is a map of 4 into C* satisfying ¥(¢ + o)
-e(3A(e,0) = T(@¥ () for any ¢ and ¢ in 4. We call an “automorphic
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factor” of the form (2.2) a theta factor of type (H,¥). A holomorphic theta
function # on C™ determines a divisor on B in the following way. Let {U,).c.
be an open covering of B such that each connected component of =~*(U,)
(z: C™ — B) is mapped homeomorphically onto U,, and let U, be one of the
connected components of z7(U,). Then z7(U,) = U,es (6 + U,). Let Oa =
(#|U ) . Then {0} cca» Where 6, = 6o p, for each a € A, defines a positive
divisor D on B, which we shall denote by () and is called the divisor of the
theta function 8. Conversely, every positive divisor D is defind by a holomor-
phic theta function & of type (H, ¥) for some (H,¥), and the Chemn class of
the holomorphic line bundle {D} is represented by the invariant (1,1)-form %,
of the form

hp = %ithjC" NT,

where H = (h;;), and &, - .., ™ denote, as in § 1, holomorphic 1-forms on
B such that z*{* = dw*, {(w', . . ., w™} being the standard coordinates in C™.
It is known that if D is a positive divisor, then H is positive, and hence c({D})
> 0 (see [9, Prop. 5, Chap. IV, No. 5)).

Let b e B, and D be a positive divisor. Then the divisor T,D is defined in
an obvious way. Let I" be the group of all b € B such that 7,D = D. Then
the null space E, of the Hermitian form H associated to D has the following
properties: Since the intersection 4, = E, N 4 is a lattice of E,, the image
=(E,) of E,in B is a complex subtorus isomorphic to E,/4, and z(E,) is a sub-
group of finite index in the group I” (see Weil [9, Cor. 3, Chap. IV, No. 5]).

Let us apply these results to our divisor D(X) defined by X = ¢(M). The
Chern class c({X}) of the line bundle {X} is represented by a (1,1)-form 4, of
the form

hy = 3 3 b NT

and we shall denote by H, the Hermitian matrix (4;;) and also by the same
letter the associated Hermitian form on C™ X C™ (m = n + 1). The null space
of H, will be denoted by E,. Then x(E,) is a complex subtorus of B and is a
subgroup of finite index of the group of all b € B such that 7,D(X) = D(X).
If T,D(X) = D(X), then we have T,X = X, because X = |D(X)|, where |D|
denotes the carrier of a divisor D. Conversely, let T,X = X. Clearly | T,D(X)|
= T,|D(X)| = | D(X)|. The divisor T,D(X) is positive and irreducible together
with D(X), and they have the same carrier. Then D(X) and T,D(X) coincide
(cf. for example [9, Appendix].) Therefore n(E,) is a subgroup of finite index
of the group I" of all b € B such that T,X = X. This combined with Lemma
2, § 1 gives @'(Aut, (M)) = =(E,). Since ¢ and = are both local isomorphisms
(cf. Lemma 1, § 1), we obtain

Theorem 1. Let @: M — B be a holomorphic immersion of an n-dimen-
sional compact connected complex manifold M into an (n 4+ 1)-dimensional
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complex torus B. Then the complex dimension of the complex torus Aut, (M)
is equal to the nullity of the Hermitian form H, on C**! x C™*! associated to
@. Moreover, the Chern class c({X}) of the line bundle {X} (X = &(M)) is
represented by the (1,1)-form

ho = 31 33 heiC8 N E7
where H, = (hy;), and H, and hence c({X}) are positive definite if and only if
Aut, (M) is trivial.

3. Let A be the imaginary part of the Hermitian form H,. Then 4 is integral,
and let (e, - - -, ,.,) be the elementary divisor of 4. Let S be the singular set
of X. Then @: M — @&-(S) — X — § is a proper holomorphic map of the n-
dimensional complex manifold M — @~*(S) onto the n-dimensional complex

manifold X — S, and for any 2n-form 7 of compact carrier defined on X — S
we have

3. *p = d ,
( 1) .[M—w—l(S)é 7 QJ,X—S77

where d, denotes the degree of @: M — @-%(S) — X — S (see Sternberg [8]).
On the other hand, X may be regarded as a 2»n-cycle in B, and the integral

J.7

over X of an 2n-form ¥ on B is defined. It follows from the definition of the
integral over X (see Lelong [5]) and from (3.1) that

(3.2) [ or=a ¥
M X
for any 2n-form ¥ on B.

On the other hand, c({X}) is the Poincaré dual of the homology class of
X, that is,

(3.3) jX ¥ =L ho AT

holds for any 2n-form ¥ on B (see Kodaira-Spencer [4,a] and Hirzebruch
[1D]. Letting ¥ = A2 in (3.2) and (3.3) we obtain

G4 [ @y =a, m.
M B
Put X’ =X — Sand M = M — @X(S), and let ix. and i . be the inclusion

maps of X’ and M’ into B and M respectively. We also denote by ¢’ the map
M’ — X’ induced by @. Then @oiy, = iy o &,
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The line bundle & *(%.{X}) over M’ is the restriction of the normal bundle
N of M with respect to the holomorphic immersion @ of M into B, and hence
i5-N = ¢"*(%{X)), and i%.(@*h,)” represents if.c(N)". Since @-(S) is an
analytic subset of M and M’ = M — @~'(S), we have

G5 [ @h=[ @hyr = ey = cwr.

We have an exact sequence
0—-TWM) — d*T(B) - N—0,

and @*T(B) is a trivial vector bundle of fibre dimension # + 1 since B is a
complex torus. Thus we have

A+ceM+ -+, (MDA +cN) =1,
from which it follows that
(3.6) (M) = (— D¥c(V) k=12,.---,n),

where c¢;(M) denotes the k-th Chern class of M. In particular ¢(N)” =
(= D, (M), and we have

jM )" = (— DEM) ,

where E(M) denotes the Euler number of M. It follows then from (3.4) and
(3.5) that

3.7) EM) = (— 1)"d,,,J g
B
To compute the integral on the right hand side of (3.7), we notice

(3.8) j hgﬂ:j ()™
B F

where F is a fundamental domain of 4 and zn%h, = ¥ 3 Ay ;dwt A dw.
Moreover,
Hy(u,v) = A(u,v) + id(u,v),

where J is the complex structure in R***" defining C"*', the real skew-
symmetric form 4 may be regarded as a 2-form on R***", and

(3.9) a¥h, = — A
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as 2-forms on R*"*V. Let {u;, 1}, -+ -, Uy, U, } be a basis of 4 such that
Auyg, 1) = e;d;; and Auy, u) = AW, u)) =0(k,j=1,2,---,n+ 1), and
let {x*, x*, .. -, x™*!, x’**} be the corresponding coordinates in R***", Then

A = T epdxt A dx’®,

%

(n—_*-l.._l_)_.'._Aﬂ'*'l = (el' * 'en+l)dx1 /\ dx” /\ e /\ drn+1 /\ d_c;n_H .

Since a fundamental domain F of 4 is given by

F= {(xlzx”s i .,xn+17x/n+1)’0 S xk,xlk S 1:k - 192: SRRy 1} >
we get
(3.10) [a=zo+ Dl e,
F
where the sign depends on the orientation of the coordinates {u,, 1, - - -, ty .15

u, ..} of R*»+1 Tt follows from (3.8), (3.9) and (3.10) that the absolute value
of the integralj hz*'is equal to (n + 1)! (e,- --e,,,). However, the matrix
B

H, is positive so that 2(n + 1)-form A2*' should be nonnegative. Thus the
value of the integral should also be nonnegative, and we get

I hg'“ = (}’l + 1)' (61" 'en+1) .
B

From (3.7) we obtain the formula
(3.1 EM) = (— D*n 4 D!de- -eq.0),

where the positive integer d, is the degree of the map &: M — &-Y(S) —
X — 8, and {e,, - - -, €,,,) are elementary divisors of the imaginary part 4 of
the Hermitian form H,. Since the elementary divisors are all positive if and -
only if A and hence H, are nondegenerate, we obtain

Theorem 2. Let @: M — B be a holomorphic immersion of an n-dimen-
sional compact connected complex manifold M into an (n + 1)-dimensional
complex torus B. Then the following three conditions are equivalent:

1) Aut, M = {1},

2) H, is positive definite, or, equivalently, the Chern class c({X)) of the
holomorphic line bundle {X} over B is positive definite,

3) the Euler number E(M) of M is not zero.

Since the pullback of c¢({X}) by @ defines a Hodge form on M, we obtain
from Kodaira’s theorem the following corollary which is a special case of a
more general theorem proved in [6].
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Corollary. Let M be an n-dimensional compact connected complex mani-
fold admitting a holomorphic immersion into an (n + 1)-dimensional complex
torus. If E(M) s 0, then M is algebraic.

Let us consider now the quotient N = M /Aut, (M). Then by § 1, N admits
a holomorphic immersion into B’ = B/C, where C = ¢'(Aut, (M)). However
dim € = dim Aut, (M) by Lemma 1, and hence dim B’ = dim N + 1. Since
Aut, (N) = {1} by Proposition 1, from Theorem 2 and its corollary we get

Theorem 3. Let M be an n-dimensional compact connected complex mani-
fold admitting a holomorphic immersion in an (n + 1)-dimensional complex
torus B. Then M is a principal fibre bundle over the quotient manifold N =
M/jAuty (M) of the structure group Aut, (M), and N has the following pro-
perties.

a) N is algebraic, and N admits a holomorphic immersion ¥ into a com-
plex torus B’ with dim B’ = dim N + 1.

b) E(N) s 0, and the Chern class c({X’'}) of {X'} is positive definite, where
{X"} denotes the holomorphic line bundle defined by the divisor associated with
the image X’ = ¥'(N) of Nin B’.

Remark. It follows from a recent result of Nagano-Smyth [7] that, without
assuming that dim B = n + 1, Aut, (M) = {1} if and only if the Ricci tensor
of the Kdhler metric on M, which is induced from a flat Kédhler metric on B,
is negative definite almost everywhere (it is always negative everywhere). Thus
the Chern number ¢} of M is nonzero, and N is algebraic by a theorem proved
in [6].

4, We shall prove the following theorem.

Theorem 4. Let M be an n-dimensional compact connected Kahler mani-
fold. Assume that the Euler number E(M) of M is not zero and n > 2. Then
M admits a holomorphic immersion into an (n + 1)-dimensional complex
torus if and only if the following two conditions are satisfied:

1) the cotangent bundle T*(M) of M is ample,

2) hY(M) = n + 1, where h*"(M) is the number of linearly independent
holomorphic 1-forms on M.

Proof. 1f the above two conditions are verified, then without assuming that
n > 2 and E(M) # 0 we see that the canonical map J from M into the Al-
banese variety of M is a holomorphic immersion as we have already observed
in§l.

Suppose now that M has a holomorphic immersion @ into a complex torus
B of dimension n 4 1. Then T%(M) is ample (see § 1), and the condition 2)
follows from the following lemma if we assume E(M) == 0 and n > 2.

Lemma 3. Assume that E(M) # 0, and M admits a holomorphic immer-
sion into a complex torus B of dimension n + 1, where n = dim M. Then we
have

(n + DA*(M) = h"1(M) g=0,1,---,n—2)
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In particular, W"°(M) = n + 1 for n > 2.
Let N be the normal bundle of M with respect to the immersion ¢: M — B.
Then we have

0_’T(M)_”In+1_’N_')O:

where I,,, = @*T(B) denotes the trivial vector bundle of fibre dimension
n 4 1. Then we get

0-N*>1I,,—-T*(M)—0
and hence the exact sequence of cohomologies:
— HY(M,N*) — HY(M, 0"*") — HY(M, T*(M)) — H** (M, N*) — .

Let us consider the Chern class ¢(N) of N. As we have seen in § 3, N and
@*{X} coincide on M’ = M — @7'(S). Let F = N-@*{X}", and for each small
e > 0 let U, be an open neighborhood of @-'(S) such that the measure (with
respect to any Kédhler metric of M) of U, tends to O as ¢ tends to 0. For each
e, c(F) is represented by a (1,1)-form », which is O outside U,. Since N =
@*{X}-F, c(N) is represented by ¢*h, + »,. Since E(M) == 0, k, and hence
@*h, are positive definite by Theorem 2. Under this situation Kodaira’s original
proof of his vanishing theorem (see Kodaira [3]) works well, and we can con-
clude that HY(M,N*) = 0 for g < n. It thus follows from the above exact
sequence of cohomologies that H*(M, 0**") = HY(M,T*(M)) for g + 1 < n,
and this proves our lemma and at the same time Theorem 4.

Remark. The assumption » > 2 is necessary. In fact, we can immerse a
compact Riemann surface M of genus g > 2 for some g into a 2-dimensional
complex torus whereas h4(M) = g > 2.

Under the assumption in Theorem 4 we show that @ induces an isomorphism
of H"°(B) onto H"*(M). We know by Lemma 3 that dim A*(M) = n + 1,
and H"°(B) is spanned by {*, - - -, {**", so that dim H"%B) = »n + 1. Therefore
it is sufficient to show that @*: H“%(B) — H“*(M) is injective. By a linear
change of coordinates in C**!, we may assume that the kernel of ¢*: H"%B)
— H"(M) is spanned by {!, - -, 2 (s > 0). Asin §1, let o* = @*L*. Since
o= =0 =007 -, """ should span the cotangent vector space of
M at each point of M. Therefore s < 1. If s = 1, then o?, - - -, 0**! must be
linearly independent at each point of M, and M is parallizable, which con-
tradicts the assumption that E(M) is not zero. Let now B = C**'/4,, and
A = C**'/4, where A denotes the Albanese variety of M. We denote by zp
and =, the projections of C**! onto B and A respectively. Then by § 1

O(x) = TW(J-‘G)(TEB(J:,O o, - ’J-: wnﬂ)) s
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J(x) = ﬂA([x o', - .,J.x w"“) .

For any closed path 7 starting at x, we have
—:BU ', - -,j w”“) = the identity element e, of B ,
7 7

and

U o, J wn+1>€AB,
7 T

which shows that 4, C 4z. Therefore there is a surjective homomorphism

f: A — B such that f(qu @', - .,r wn“)) = nB(f o, ...,r wﬂ“).

Thus we have shown that for any holomorphic immersion @ of M into an (n +
1)-dimensional torus B there exists a homomorphism f of the Albanese variety
A of M onto B such that

D(x) = Tz (fT (X))

forall xe M.

Let H-'(M, R) and H"Y(B, R) denote respectively the subspaces of the real
de Rham cohomology group A*(M, R) and H*B, R) whose elements are re-
presented by closed real forms of type (1,1). We show that ¢*: H*'(B, R) —
H"'(M,R) is bijective provided n > 3. Since dim.H"Y(B,R) = h"'(B) =
(n + 1)% and dimgH"'(M, R) = A"Y(M), B (M) = (n + DA M) = (n + 1)*
by Lemma 3 provided n > 3. Therefore it is sufficient to show that @* is in-
jective. The space H"'(B, R) is identified with the space of all (1,1)-forms on
B of the form § =i} 6;;£* N &* where © = (§,,) is a constant Hermitian
matrix. Let o* = @*¢*(k = 1, ...,n + 1), and suppose that §*8 ~ O. Then
© cannot be (positive or negative) definite. In fact, if € is positive definite for
example, then @*4 is the Kahler form of the Kahler metric >, ;6 0*@’ on M,
and @*¢ cannot be cohomologous to zero. After a suitable linear change of
coordinates in C™*!, we may assume that & is of the form

0:
6= E ) k+j+l=n+1,
—E,

where O, denotes the k X k zero matrix, and E; and E,; are the unit matrices
of types j X jand I x I respectively. We may assume j < [ (otherwise replace
# by — 6). To simplify our notation, put &; = &*¥ A &%, wy = o* A\ &%, 0 =
ZZ Wr- Then § = i(Ck+1 + -+ Ck+j - Ck+j+l — Cn+1)7 and @ + %0
= o where o = (o, + -+ + wg + 2w4,, + -+ + 2. ;). Since §*6 ~ O,
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o ~ o and hence w® ~ &'*. If k + j < n, then o’* = 0 and o™ ~ 0, and this
is impossible because w is the Kahler form of the Kidhler metric T, o*-@*.
Therefore kK + j=nork + j=n + 1. Suppose k + j=n. Since k + j +
l=n+ 1, we get ] = 1, and as we have assumed that j < [, is either equal
toOor1.If j = 0, we have £k = », and

A) 0% = —iv""' Na™*' ~0, o~o =lo+ - + ).
Ifj=1,wehavek=n—1,l=j=1 and
(B) @*H=i(w7z—wn+l) NO, (1)~(1)/=i(0)1 + .- +wn—-1+ 2(1)7;) .

Ifk+j=n+1, thenl =0, and hence j =0 and @ = 0 which implies
6 =0.
In either of the cases (A) and (B), we have w* ~ «* and

4.1) L, ot = jM o

with o® = @*(i 3721 )™ and either o’ = @*( X2, &))" (for case (A)) or
o = O*(i i + 200" (for case (B)). Put ¢ =1i37t1¢ and ¢ =
i 2 %1 &y (for case (A)) or &' =i 3721 & + 2iC, (for case (B)). Then by (3.2)

and (4.1)
.[ch - -[XC’” ’

where X = @(M). Since c({X}) is the Poincaré dual of the homology class X,
we get

f ha/\C”=f NG
B B

and hence A, N\ {* = h, A {'™ because both sides are invariant and of type
(n,n). Asin §3, let A, = 4 3 hy ;&% A &7, Since E(M) % 0, the Hermitian
matrix H, = (h;) is positive definite by Theorem 2, and £* = i*n! 3714, A
e AGE A A L, Be ANE =570 TTHG A -+ - A Cyny). Suppose
that the case (A) occurs. Then {* =i"n!{ N --- AN E,, and h, A {* =
Frtnl o aaG AN o A G,y Tt follows from A, A &7 = by, A ™ that
D% 1hre = 0. However n X n Hermitian matrix H = (h,;) (1 < k,j < n) is
positive definite, and it is impossible that Tr H’ = 0, so the case (A) cannot
occur. Suppose now that the case (B) occurs. Then ¢ = i(3721¢, + 28,),
gr=i"n! 2N - ANCD,and A, AE =" By p (GO - AN ).
It follows from A, A {* = h, A\ {'" that Tr H, = 2Ah,, ,.,- In the case (B),
w, ~ w,,;, and since each wy is closed, we have also w;, A -+ A 0, ; A\ o,
~a N -+ A @, /\ 0,. and hence
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J'@A-~Awmmv%=j¢4A~-A%4Awmp
M M

From this we obtain as before i, A & A -+« Aluy Ala=ha NGA -+ A
Cn—l /\ Cn+1= and hn+1,n+lcl /\ tee /\ Cn-;-l = hn,nCl /\ et /\ Cn-}-l WhICh im—
plies 4, .1 ., = h,, ,. Combining this with Tr H, = 2k, ,.; We get 2221 Ay
= 0, and this contradicts the fact that the (n — 1) X (n — 1) Hermitian matrix
(he)) (1 < k,j < n— 2) is also positive definite. Thus both cases (A) and (B)
cannot occur, and therefore # should be equal to O; this concludes our proof.

It is also shown that every cohomology class in H"'(M, R) is represented by
a unique (1,1)-form of the type

i35 60" NS

where (f;;) is a constant Hermitian matrix of type (n + 1) X (n + 1), and
{o, - - -, 0™*'} with o* = @*C* is a basis of the space of holomorphic 1-forms
on M. From this and a theorem of Weil it follows that every divisor on M is
a divisor of a theta function on the universal covering manifold M of M (see
Weil [9, Th. 2 on P. 99)]).

Summing up and combining with Theorem 4 we obtain

Theorem 5. Let M be a compact connected Kihler manifold such that
T*(M) is ample, E(M) #+ 0 and h"* (M) = dim M + 1. Then the canonical
map J: M — A of M into the Albanese variety is an immersion. Moreover, if
n=dim M > 3, then, J induces a bijection of H- (A4, R) onto H"*(M, R), every
cohomology class of H*'(M, R) is represented by a unique (1,1)-form of the type
=13 0y;0° N\ &, where{o', - - -, 0"} is a basis of the space of holomorphic
1-forms on M and (6,;) is a constant Hermitian matrix and every divisor of M
is the divisor of a theta function on the universal covering manifold M of M.

5. In this section we always denote by M an rn-dimensional compact con-
nected Kdhler manifold admitting a holomorphic immersion into an (n + 1)-
dimensional complex torus, and assume that E(M) == 0. Then the canonical
map J: M — A of M into the Albanese variety A is an immersion, and 4 is
(n + 1)-dimensional. The Chern class c({X}) of the line bundle {X} associated
to X = J(M) is positive definite, and is represented by a unique (1, 1)-form

By = 5 3 hetF AT

Here the constant Hermitian matrix H; is positive definite, and the imaginary
part A of the associated Hermitian form is integral valued on 4, x 4, where
we write A = C**'/4,. The elementary divisors of A (or H;) denoted by
e, ---,e,,, are all positive integers since A4 is nondegenerate. For any n-tuple
of integers = = (p,, - - -, P,) such that 3, kp, = n, let

c.IM] =f cpr -z,
M
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where ¢, denotes the k-th Chern class of M. These numbers are called the
Chern numbers of M. By (3.6), ¢f*--.cP» = (— 1)?c(N)* for all = so that
the Chern numbers are all equal. Since E(M) is equal to ¢, [M] with = =
(0,0---, 1), every Chern number of M is equal to E(M):

EM) = ¢ [M] for any = .

Let Y be another n-dimensional compact connected Kdhler manifold with
E(Y) # 0 admitting a holomorphic immersion in an (n + 1)-dimensional
complex torus. Then we also have E(Y) = c¢.[Y] for any = and hence

5.1 c,IM} = p-c.[Y] for any = ,

where p = E(M)/E(Y) is a nonzero rational number.

We say that two r-dimensional compact connected Kdhler manifolds M and
Y are proportional if their Chern numbers satisfy (5.1) for some nonzero
rational p (cf. Hirzebruch [1]). It follows then from Riemann-Roch-Hirzebruch
theorem that

(5.2) yM) = p-x(Y) , xM,K5) = p-2(Y,K3) ,

where K, and Ky denote the canonical bundles of M and Y respectively, and
r is an integer. We shall compute y(M) and y(M, K3) by choosing Y suitably.

Since E(M) 0, M is algebraic (Theorem 2, Cor.) and hence A4 is algebraic.
Let Y be a nonsingular hyperplane section of 4 (with respect to a projective

imbedding of 4). By Lefschetz theorem, b,(¥) = b,(4) = (2" 5 2) for p =
0,1,---,n—1 and b,(Y) > b,(4) = <2n’;i- 2). By a computation using
the Poincaré dualty we see that

B ] @2n + 2)!
(5.3 EY) =(-1) {bn(Y) — b+ T 2)!} ’

so that E(Y) % 0, and the identity map of Y into A is an immersion (as a mat-
ter of fact, the identity map of Y into A4 is the canonical map, and 4 is the
Albanese variety of Y).

We shall denote by {Y} the line bundle over 4 associated with the non-
singular positive divisor ¥ of 4. The Chern class c({Y}) of {Y} is represented
by a unique (1, 1)-form of the type

b = H 0L AT

where Hy = (0;,) is a constant positive definite Hermitian matrix, and the im-
aginary part of the associated Hermitian form is integral valued on 4, X 4,.
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We denote by f,, - -, f,., the elementary divisor of H,. As a special case of
the formula (3.11) we get

5.4 EY)=(=D"n+ D! fasd -
We also obtain from (5.3) and (5.4)

n(2n + 2)!
(n+ D!+ 2)!

b(Y) = +(n+ DIE - fae) -

We shall use the following two formulas:
1) Riemann-Roch-Hirzebruch formula for complex tori: For any holo-
morphic line bundle F over 4

(5.5) 2(4,F) = __1_-LC(F)H+1 :

(This formula follows easily from the Riemann-Roch-Hirzebruch theorem,
because Chern classes of 4 are all zero.)

2) Kodaijra-Spencer formula [4, b]: For any holomorphic line bundle F
over A and for any nonsingular divisor ¥ of 4

(5.6) XA, F) = 34, FR{Y}™) + (Y, F|Y) .

Let F be the trivial line bundle over 4. Then x(4,F) = y(4) =
o (— DHA) = 3 (— 1)q<2)=o. Hence 3(¥) = — y(4,{Y}") by
(5.6), and

-1y — (_ l)nﬂ n+l _ (__ n+1
26, (V) = (I [ e = (= 00 fa

by (5.5) as in § 3, so that ¥(Y) = (— 1)™(f,- - -f,.,) which together with (5.4)
gives

(5.7) (V) EN) = 1/(n + D! .
it follows from (5.2), (5.7) and (3.11) that

EM) EM)
M) = Y)= N2 = (- D"d,{e,---e,.,
X( ) E(Y) X( ) (n D1 ( ) J\€1 +1/
where e,, - - -, e,., are the elementary divisors of H;, and d; is the degree of

the map J: M — J°(S) — X — S, S denoting the singularities of X = J(M).
On the other hand
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$(Y) = qi:l(— PR a(Y) = z (— 1)4(” ; 1) 4 (= DY)

— (- 1>ﬂ(” M RSN CR o

We have shown that x(Y) = (— D™(f,- - -f,..) so that

A(Y)=n+ fire o fann -
Now putting F = {Y} in (5.6) gives y(A4,{Y}) = x(4,{Y} ™) + (Y, N7),
where N = {¥}|Y is the normal bundle of Y. By (5.5) we get

(Y, N") = —_( - 1)n+1)c({y})n+1

1 n+1
o A
— (rn+1 - (r — 1)n+1)]€1. . 'fn+1 :

On the other hand ¢(K;) = — ¢(Y) = ¢(V), and from the Riemann-Roch-
Hirzebruch theorem for Y it follows that (Y, N7) = (Y, K%) so that (Y, K%)
=" —(r— D" fp = (= D" — ¢ — D*HEY) /(n + DI
Thus  w(Y,K3)/EXY) = (— D" — (r — DY /(n + 1)!, and from
1M, K3) = (E(M)/E(Y))x(Y, K%) we obtain the following formula:

AWM, Ky) = d,(r — (r — D™ e - -eyy)

We have ¢(K, @ K;H) = (0 — De(Ky) = — (r — De(M) = (r — De(N) by
(3.6), where N is the normal bundle of M with respect to the immersion J of
M into 4. Let § be the singularities of X = J(M) and, as in the proof of
Lemma 3, let U/ e > 0) be a neighborhood of J~'(S) such that the measure
of U, tends to zero as ¢ tends to zero. For each ¢, c(K7 @ K3') is represented
by (r — 1) J*h; + 3., where 5, = O outside U,. If r > 1, then (r — 1) J*4;
is positive definite everywhere, and from this we conclude as indicated in the
proof of Lemma 3 that HY(M, K%) = 0 for g > 0 provided r > 1. Therefore
we get also

dim H'M, K%) = d, "+ — (r — D**Y(e,- - -€,,,)  forr>1.

Remark. It can be proved that the Ricci tensor R;; of the Kéhler metric
on M, which is the pullback of a flat Kahler metric in A4, is negative every-
where, and is negative definite almost everywhere if E(M) % 0. Since ¢(K}) is
represented by the (1,1)-form —$(i/a)R,;dz" N dZ7, c(Ky) is positive definite
almost everywhere. From this fact we can also prove the vanishing of cohomo-
logy groups discussed above and also in the proof of Lemma 3.
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